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Abstract
For a given connected graph G= (V ,E), a set Dtr ⊆ V (G) is a total restrained dominating set if it is dominating and both 〈Dtr〉
and 〈V (G) − Dtr〉 do not contain isolate vertices. The cardinality of the minimum total restrained dominating set in G is the total
restrained domination number and is denoted by tr(G). In this paper we characterize the trees with equal total and total restrained
dominating numbers and give a lower bound on the total restrained dominating number of a tree T in terms of its order and the
number of leaves of T .
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1. Introduction
Let G= (V ,E) be a simple graph with |V (G)|=n(G) and |E(G)|=m(G). The neighbourhood NG(v) of a vertex
v is the set of all vertices adjacent to v in G. The degree dG(v) of a vertex v is the number of edges incident to v in G,
dG(v) = |NG(v)|. If dG(v) = 0, then we call v an isolate vertex. Let (G) be the set of all leaves of G, that is the set
of vertices degree 1, and let n1(G) be the cardinality of (G). A vertex v is called a support vertex if v is a neighbour
of a leaf. Denote by S(G) the set of all support vertices in G and let nS(G) be the cardinality of S(G).
A set D ⊆ V (G) is a dominating set of G if for every vertex v ∈ V (G)−D, there exists a vertex u ∈ D such that v
and u are adjacent. The minimum cardinality of a dominating set in G is the domination number denoted (G).
A setD ⊆ V (G) is a total dominating set (TDS) of a graphG if each vertex ofG has a neighbour inD. Equivalently,
a set D ⊆ V (G) is a TDS of a graph G if D is a dominating set of G and 〈D〉 does not contain an isolate vertex. The
cardinality of a minimum TDS in G is the total domination number and is denoted by t (G). A minimum TDS of a
graph G is called a t (G)-set. The total domination in graphs was introduced by Cockayne et al. [1] in 1980 and is now
well studied in graph theory (see [3,5,9]).
The total restrained domination number of a graph is a relatively new type of domination. In this case additional
conditions on subgraphs induced by a dominating set and its complement are required. A set Dtr ⊆ V (G) is a total
restrained dominating set (TRDS) of a graphG if it is a dominating set and the induced subgraphs 〈Dtr〉 and 〈V (G)−Dtr〉
do not contain an isolated vertex. The cardinality of a minimum TRDS in G is the total restrained domination number
and is denoted by tr(G). A minimum TRDS of a graph G is called a tr(G)-set. We assume that every graph without
E-mail addresses: gardenia@pg.gda.pl (J. Raczek), joana@mifgate.mif.pg.gda.pl (J. Cyman).
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.03.041
J. Raczek, J. Cyman / Discrete Mathematics 308 (2008) 44–50 45
an isolated vertex has a TRDS and Dtr = V (G) is such a set. Moreover, the above deﬁnitions imply that for any graph
G without an isolated vertex every TRDS is a TDS, so t (G)tr(G). The total restrained domination number of a
graph was deﬁned by De-Xiang Ma et al. [7] in 2005.
For any graph theoretical parameters  and , we deﬁne G to be (, )-graph if (G) = (G). In this article we
provide a constructive characterization of (t , tr)-trees. We also prove that 3tr(T )n(T ) + 2 + 2n1(T ) for any tree
T with n(T )3 and we characterize all trees T for which 3tr(T ) = n(T ) + 2 + 2n1(T ). For any unexplained terms
and symbols see [4].
2. A characterization of (t , tr)-trees
As a consequence of the deﬁnitions of total and total restrained domination number we have the following lemma
presented in [2].
Lemma 1. Let Dtr be a minimum TRDS of a graph G without isolates. Then
(i) every leaf is in Dtr;
(ii) every support vertex is in Dtr;
(iii) tr(G)n1(G) + nS(G)2nS(G);
(iv) tr(G)t (G).
We make the following observation.
Observation 2. Let T be a (t , tr)-tree. Then each tr(T )-set is a t (T )-set.
Before presenting a characterization of (t , tr)-trees we need the following observation due to Shan et al. [9].
Observation 3. Let T be a tree that is not a star. Then there exists a t (T )-set that contains no leaf.
LetT be the family of trees T that can be obtained from sequence T1, . . . , Tj (j1) of trees such that T1 is the
path P2 and T = Tj , and, if j > 1, then Ti+1 can be obtained recursively from Ti by one of the two operationsT1 and
T2 listed below.
• Operation T1. The tree Ti+1 is obtained from Ti by adding a path (x1, x2, x3, x4) and the edge x1y where
y ∈ V (Ti) belongs to some tr(Ti)-set.
• OperationT2. The tree Ti+1 is obtained from Ti by adding a path (x1, x2, x3) and the edge x1y where y ∈ V (Ti)
belongs to none of tr(Ti)-sets.
We show ﬁrst that each tree T belonging to the familyT is a (t , tr)-tree (Fig. 1). To this aim we prove the following
lemma.
Lemma 4. Let Dtr be a minimum TRDS of a tree T belonging to the familyT. Then:
(i) Dtr is the unique minimum TRDS of T and each component of 〈Dtr〉 is K2;
(ii) the distance between any two non-adjacent vertices belonging to Dtr is greater than or equal to 3;
(iii) at least one vertex from each component of 〈Dtr〉 belongs to each TDS of T .
Proof. We proceed by induction on the number of operations s(T ) required to construct the tree T . If s(T ) = 0, then
T = P2 and obviously the result holds. Assume now that T is a tree with s(T ) = k for some positive integer k and for
each tree T ′ ∈T with s(T ′)< k the result is true. Then T can be obtained from a tree T ′ belonging toT by operation
T1 orT2. We now consider two possibilities depending on whether T is obtained from T ′ by operationT1 orT2.
Case 1: T is obtained from T ′ by operationT1. Then x4 is a leaf in T and x3 is a support vertex and thus x3 and
x4 belong to every TRDS of T . By induction hypothesis there is exactly one minimum TRDS D′tr in T ′ and each
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Fig. 1. A tree T belonging to the familyT.
component of 〈D′tr〉 is a K2. Since y is in some tr(T ′)-set we conclude that there is exactly one minimum TRDS in
T , which is Dtr = D′tr ∪ {x3, x4}, and each component of 〈Dtr〉 is the K2. Moreover, the distance between any two
non-adjacent vertices belonging to Dtr is greater than or equal to 3 and, since x3 is a support vertex, x3 belongs to each
TDS of T .
Case 2: T is obtained from T ′ by operationT2. Then x3 is a leaf in T and x2 is a support vertex and thus x2 and
x3 belong to every TRDS of T . Since y is in no tr(T ′)-set and there is exactly one minimum TRDS in T ′, denoted
D′tr , and each component of 〈D′tr〉 is the K2, we conclude that there is exactly one minimum TRDS in T , which is
Dtr = D′tr ∪ {x2, x3}, and each component of 〈Dtr〉 is the K2. Moreover, the distance between any two non-adjacent
vertices belonging to Dtr is greater than or equal to 3 and, since x2 is a support vertex, x2 belongs to each TDS
of T . 
The above lemma implies what follows.
Corollary 5. If a tree T belongs to the family T, then each vertex of T has exactly one neighbour in the unique
minimum TRDS of T .
Proof. Let Dtr be the unique minimum TRDS of a tree T belonging to the familyT. If u ∈ Dtr then by Lemma 4(i)
the result follows. Suppose u /∈Dtr and x, y are two neighbours of u belonging to Dtr . Since T is a tree, it follows
readily that x and y are non-adjacent. Hence dT (x, y) = 2, which contradicts with Lemma 4(ii). 
Lemma 6. If a tree T belongs to the familyT, then T is a (t , tr)-tree.
Proof. Let T be a tree belonging to the family T. Obviously t (T )tr(T ). Denote by Dtr the unique minimum
TRDS of T and let Dt be a minimum TDS of T . Then by Lemma 4, at least one vertex from each component of 〈Dtr〉
belongs to Dt . Moreover, since the distance between any two non-adjacent vertices belonging to Dtr is greater than
or equal to 3 and each vertex belonging to Dt has a neighbour in Dt , we conclude that t (T )tr(T ). Consequently,
t (T ) = tr(T ) and T is a (t , tr)-tree. 
We show next that every (t , tr)-tree belongs to the familyT.
Lemma 7. If T is a (t , tr)-tree, then T belongs to the familyT.
Proof. The statement can be easily veriﬁed for all trees with diameter at most 4. For this reason we consider only trees
with diameter at least 5.
Let T be a (t , tr)-tree and letDtr be a minimumTRDS of T . First we claim that each support vertex of T is adjacent
to exactly one leaf. To see this, suppose that u is a support vertex adjacent to at least two leaves, say v1 and v2. Then
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u, v1 and v2 belong to Dtr . But then Dt = Dtr − {v2} is a TDS of T with |Dt |< |Dtr|, implying that t (T )< tr(T ),
which contradicts that T is a (t , tr)-tree.
Moreover, no two support vertices of T are adjacent. Suppose to the contrary that two support vertices u1 and u2
are adjacent and let v1 and v2 be the two leaves adjacent to u1 and u2, respectively. Then the vertices u1, u2, v1, v2
belong to each minimum TRDS Dtr , whence Dt = Dtr − {v1, v2} is a TDS of T . This implies that t (T )< tr(T ), a
contradiction.
We also claim that no two support vertices of T have a common neighbour. Suppose that x is a common neighbour
of support vertices u1 and u2 and let v1 and v2 be the two leaves adjacent to u1 and u2, respectively. If x belongs to a
minimum TRDS Dtr , then Dt = Dtr − {v1, v2} is a TDS of T . If x /∈Dtr , then Dt = (Dtr − {v1, v2}) ∪ {x} is a TDS of
T . In both cases, |Dt |< |Dtr| and thus t (T )< tr(T ), a contradiction.
Now we proceed by induction on the number of vertices n(T ) of T . Assume that the result holds for all (t , tr)-trees
on n(T )− 1 and fewer vertices. Let P = (s0, s1, . . . , sl), l5, be a longest path in T . Of course, {s0, s1} ⊆ Dtr . Due to
our claims, s1 is a neighbour of exactly one leaf, namely s0, so dT (s1) = 2. Since no two support vertices are adjacent
and no two support vertices of T have a common neighbour, dT (s2)= 2. Moreover, s2 does not belong to Dtr , because
if s2 ∈ Dtr , then Dt = Dtr − {s0} would be a TDS of T of cardinality smaller than tr(T ), a contradiction. It follows
that s3 /∈Dtr (because Dtr is a TRDS of T ), and hence s3 is not a support. We now consider two possibilities depending
on dT (s3).
Case 1: dT (s3) = 2. In this case s4 ∈ Dtr to dominate s3, and s4 has a neighbour belonging to Dtr which is different
from s3. Let T ′ =T −{s0, s1, s2, s3}. Then D′tr =Dtr −{s0, s1} is TRDS of T ′ and thus tr(T ′)tr(T )− 2. Moreover,
it is clear any t (T ′)-set can be extended to a TDS of T by adding to it s1 and s2, so t (T )t (T ′) + 2. In this way
t (T
′)tr(T ′)tr(T ) − 2 = t (T ) − 2t (T ′). (1)
Hence, we must have equalities throughout this inequality chain. In particular, t (T ′) = tr(T ′) implying that D′tr is
a tr(T
′)-set of T ′. Consequently, T ′ is a (t , tr)-tree and by induction hypothesis T ′ ∈ T. As s4 belongs to some
tr(T
′)-set, namely to D′tr , we conclude that T can be obtained from T ′ by operationT1.
Case 2: dT (s3)> 2. First we shall show that in this case s3 has at least two neighbours in V (T ) − Dtr . For this
purpose suppose that NT (s3) − Dtr = {s2}. Then s4 ∈ Dtr and, if there is a path P ′ = (x0, x1, x2, s3) in T such that x0
is a leaf and x2 = s2, x2 = s4, then x2 /∈Dtr , because otherwise Dtr − {x0} would be a TDS of cardinality smaller than
tr(T ), a contradiction. This implies that x2 /∈Dtr . Since NT (s3)−Dtr ={s2}, we conclude that such a path P ′ does not
exists. Therefore, we conclude that exactly one path P2 = (x0, x1) is attached to s3, since no two support vertices have
a common neighbour. For the same reason s4 is not a support vertex. Denote by r a neighbour of s4 belonging to Dtr .
Now root the tree T at r . Let A be the set of parents of the vertices belonging to Dtr − {s4, r} and let s4 ∈ A. Then A
is a TDS of T and |A|< |Dtr|. This implies that t (T )< tr(T ), a contradiction. Hence s3 has at least two neighbours
in V (T ) − Dtr . Let T ′ = T − {s0, s1, s2}. Then D′tr = Dtr − {s0, s1} is a TRDS of T ′ and thus tr(T ′)tr(T ) − 2.
Moreover, any t (T ′)-set can be extended to a TDS of T by adding to it s1 and s2, so t (T )t (T ′)+2. In this way, the
inequality chain (1) holds. Consequently, T ′ is a (t , tr)-tree and D′tr is a tr(T ′)-set. Hence, by induction hypothesis,
T ′ ∈ T. By Lemma 4, D′tr is the unique minimum TRDS of T ′. Since s3 /∈D′tr , we conclude that T can be obtained
from T ′ by operationT2.
The proof is completed. 
As an immediate consequence of Lemmas 6 and 7 we get the following characterization of (t , tr)-trees.
Theorem 8. A tree T is a (t , tr)-tree if and only if T belongs to the familyT.
3. Lower bound on the total restrained domination number of a tree
In this sectionwe show that 3tr(T )n(T )+2+2n1(T ) for any treeT of ordern(T )3 andwegive a characterization
of all trees T for which 3tr(T ) = n(T ) + 2 + 2n1(T ).
Theorem 9. For any tree T on n(T )3 vertices, tr(T )(T ) + n1(T ).
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Fig. 2. A tree T belonging to the familyR.
Proof. Let Dtr be a tr(T )-set in a tree T . Then clearly D = Dtr − (T ) is a dominating set of T of cardinality
tr(T ) − n1(T ). 
Leman´ska [6] has given a lower bound on the domination number of a tree T in terms of n(T ) and n1(T ).
Theorem 10. If T is a tree of order at least 3, then 3(T )n(T ) + 2 − n1(T ).
Theorems 9 and 10 imply the following result.
Corollary 11. If T is a tree of order at least 3, then 3tr(T )n(T ) + 2 + 2n1(T ).
We are now in position to provide a constructive characterization of the trees T forwhich 3tr(T )=n(T )+2+2n1(T ).
For this purpose, we introduce some additional notation. A strong support vertex is a support vertex which is adjacent
to two or more leaves. If T1 and T2 are vertex disjoint trees and u and v are strong support vertices in T1 and T2,
respectively, then by T1⊕uvT2 we denote a tree obtained from T1 and T2 by adding an edge incident with a leaf adjacent
to u and incident with a leaf adjacent to v.
Let R denote the family of trees such that:
(i) Every star K1,p, where p2, belongs to R;
(ii) T1⊕uvT2 belongs to R if only T1 and T2 belong to R, where u and v are strong support vertices in T1 and T2,
respectively.
The following observation follows immediately from the way each tree in the family R is constructed.
Observation 12. If T is a tree belonging to the familyR, then either T is a star or there are stars K1, . . . , Kj (j2)
such that T =(. . . (K1⊕K2)⊕· · ·⊕Kj−1)⊕Kj . Moreover, tr(T )=n1(T )+nS(T ) and S(T ) is the unique minimum
dominating set of T .
Lemma 13. If T is a tree belonging to the family R, then (Fig. 2)
3tr(T ) = n(T ) + 2 + 2n1(T ).
Proof. If T is a starK1,p wherep2, then tr(T )=n(T )=1+p, n1(T )=p and certainly 3tr(T )=n(T )+2+2n1(T ).
Otherwise, if T is a tree obtained from j stars K1, . . . , Kj (j2), then it is easily seen that
n(T ) =
j∑
i=1
n(Ki) = j +
j∑
i=1
n1(K
i),
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and
n1(T ) =
j∑
i=1
n1(K
i) − 2(j − 1).
Moreover,
tr(T ) = n1(T ) + nS(T ) =
j∑
i=1
n1(K
i) − j + 2.
It is easy to check that the equality 3tr(T ) = n(T ) + 2 + 2n1(T ) holds. 
Now we prove that if T is a tree of order at least 3 and 3tr(T ) = n(T ) + 2 + 2n1(T ), then T belongs to the family
R. To this aim we shall need the following results given in [6].
Lemma 14. If T is a tree with 3(T ) = n(T ) + 2 − n1(T ) and D is a minimum dominating set of T containing no
leaf, then dT (x, y) = 0 (mod 3) for any two vertices x, y ∈ D.
We shall need the following result given in [8].
Lemma 15. If T is a tree with (T )> 1, then there exists an edge uv such that (T ) = (Tu) + (Tv), where Tu and
Tv are the two components of T − uv.
Lemma 16. If T is a tree of order at least 3 and 3tr(T ) = n(T ) + 2 + 2n1(T ), then T belongs to the family R.
Proof. We proceed by induction on (T ). If (T )=1 and n(T )3, then diam(T )=2, which implies that tr(T )=n(T ).
Since 3tr(T ) = n(T ) + 2 + 2n1(T ), we obtain n(T ) = n1(T ) + 1, so T is a star K1,p, where p2 and thus T ∈ R.
Assume now that the result is true for all trees T ′ with 1(T ′)j , and let T be a tree with (T ) = j + 1 and such
that
3tr(T ) = n(T ) + 2 + 2n1(T ). (2)
Theorems 9 and 10 imply that
3tr(T )3(T ) + 3n1(T )n(T ) + 2 + 2n1(T ),
so by (2) we must have equalities
tr(T ) = (T ) + n1(T ) (3)
and
3(T ) = n(T ) + 2 − n1(T ). (4)
Lemma 15 implies that there exists an edge uv ∈ E(T ) such that
(T ) = (Tu) + (Tv), (5)
where Tu and Tv are the two components of T − uv. It is immediate that n(Tu) + n(Tv) = n(T ). Moreover, n1(Tu) +
n1(Tv)n1(T )+2. FromTheorem 10we have 3(Tu)n(Tu)+2−n1(Tu) and 3(Tv)n(Tv)+2−n1(Tv). Therefore,
3(T ) = 3((Tu) + (Tv))n(T ) + 4 − n1(Tu) − n1(Tv)n(T ) + 2 − n1(T ). (6)
Hence the equality (4) implies that we have equalities in the inequality chain (6), so n1(Tu)+ n1(Tv)= n1(T )+ 2 and
3(Tu) = n(Tu) + 2 − n1(Tu) and 3(Tv) = n(Tv) + 2 − n1(Tv). (7)
This implies that u and v are leaves in Tu and Tv , respectively. Let Du and Dv be a minimum dominating sets not
containing leaves in Tu and Tv , respectively. Certainly, u1 ∈ Du and v1 ∈ Dv , where u1 is the support vertex adjacent to
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u in Tu and v1 is the support vertex adjacent to v in Tv . Moreover by Lemma 14 we know that dTu(x, y)=0 (mod 3) for
any two vertices x, y ∈ Du and dTv (x, y)= 0 (mod 3) for any two vertices x, y ∈ Dv . Now observe that D =Du ∪Dv
is a minimum dominating set of T not containing leaves in T and dT (x, y)= 0 (mod 3) for any two vertices x, y ∈ D.
Consequently, by (3), Dtr = D ∪ (T ) is a minimum TRDS of T . Moreover, since no two vertices of D are adjacent
and Dtr is a minimum TRDS of T , we conclude that D = S(T ). Further, we note that Du ∪ (Tu) is a minimum total
restrained set of Tu and Dv ∪ (Tv) is a minimum total restrained set of Tv . Therefore,
tr(Tu) = (Tu) + n1(Tu) and tr(Tv) = (Tv) + n1(Tv). (8)
Hence, tr(T ) + 2 = tr(Tu) + tr(Tv). Combining Eqs. (7) and (8), we obtain that
3tr(Tu) = n(Tu) + 2 + 2n1(Tu) and 3tr(Tv) = n(Tv) + 2 + 2n1(Tv).
Thus, by induction hypothesis, Tu and Tv belong to the familyR. Now, since D = S(T ) and u1, v1 are support vertices
in T , we obtain that u1 and v1 are strong support vertices in Tu and Tv , respectively. Therefore T = Tu⊕u1v1Tv and we
conclude that T ∈ R. 
As an immediate consequence of Lemmas 13 and 16 we have the following result.
Theorem 17. If T is a tree of order at least 3, then 3tr(T ) = n(T ) + 2 + 2n1(T ) if and only if T belongs to the
family R.
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